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Free-Energy Perturbation, Thermodynamic 

Integration, Potential of Mean Force
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Outline

Simulations of Thermodynamic Properties
- Free-Energy Perturbation

- Thermodynamic Integration

- Potential of Mean Force
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Explicit Models for Condensed Phases

Partition function

Statistical Thermodynamics (Lecture 5)

Z
)

Configurational integral
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We may rewrite U as

Carrying Monte Carlo or MD
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Analogously, for A

Carrying Monte Carlo or MD
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Probability of being
in a particular point of
a phase space
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Free Energy Perturbation (Zwanzig, 1954)

Example: HCN → HNC reaction
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In practice, a simulation windows for each coupling parameter
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Slow Growth Method

≈

One may imagine taking l intervals so small that DE on any given Interval is arbirtrarily close to 0. In 

that case, we may represent The exponential as a truncated power series, deriving

then

This expression can be further simplified by noting that ln(1+x) ≈ x for sufficiently small x so that:



10

Thermodynamic Integration



11

Potential of Mean Force (PMF)

A way how to evaluate free-energy profiles 
along a reaction coordinate Q(R) in an explicit solvation environment:
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Given a one-dimensional coordinate Q(R), which has been expressed as a function of the Cartesian coordinates R, its 
distribution in an equilibrium ensemble at temperature T can be written as:
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where

&

)(QZ is the configurational integral over all coordinates 
orthogonal to Q(R) at the section Q(R)=Q.

Z is the overall configurational integral

=>

Free-energy profile is calculated as:
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Appendix
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Because phase space encompasses every possible state of a system, the average value of 

a property A at equilibrium for a system having a constant N,V,T can be written over phase space: 

If we start a system at some low-energy phase point, its energy-conserving evolution over time (its trajectory)

seems likely to sample relevant regions of phas space. Then, to compute a property average simply involves

computing the value of the property periodically at times ti and assuming:

In the limit of sampling continuously and following the trajectory, this equation becomes:

Equivalence of Eqs 1 and 2 = ergodic hypothesis

(Eq 2)

(Eq 1)
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Monte Carlo sampling

One way to reduce the problem slightly is to recognize that for many properties A, the position and momentum

dependences of A are separable. In that case, the above equation can be written as:

Since the Hamiltonian is also separable, the integral in brackets may be simplified so that:

Where P(q) and P(p) are probability functions related to potential and kinetic energies, respectively.

Thus, we reduce the problem of evaluation a 6N-dimensional integral to the problem of evaluating two

3N-dimensional integrals. If the property is independent of either the position or momentum variables, then

There is only one 3N-dimensional integral to evaluate.
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Let consider a property dependent only on position coordinates. Then, following the simple

Metropolis idea, we get the average value of the property A:

The Metropolis MC prescription dictates that we choose points with a Boltzmann-weighted probability.

the typical approach is to begin with some ‘reasonable’ configuration q1. The value of property A is

computed as the first element of the sum and then q1 is randomly perturbed to give a new configuration

Q2. In NVT ensemble, the probability of ‘accepting’ point q2 is:

If the energy of q2 is not higher than that of q1, the point is always accepted. If the energy of q2 is

higher than the that of q1, p is compared to a random number z between 0 and 1 and the move 

is accepted if p equal or larger than z. Accepting the point means that the value of A is calculated for that

point and the value is added to the sum in above equation and the entire process is repeated.


